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1. INTRODUCTION 
Let d(n) denote the number of positive integers dividing the positive 
integer n. Here, we establish the following result: 
THEOREM 1. #(n~x:d(n)~n}=(x/J&)(loglogx)-‘+”’? 
In addition, we obtain an upper bound which is sharper than the upper 
estimate implied by Theorem 1: 
THEOREM 2. Let { ~,}p=, be defined recursively by 
&I = 0, 5k=&,+2tk-’ for k3 1. 
Then there is a constant C such that 
#{n<x:d(n)jn}< 
cx Jlog log log log x 5(x) 
& log log x 
for x>e16, where t(x) = # {k a 0: tk G x}. 
* This paper is, with minor changes, part of the Ph.D. dissertation of the author, written at 
The University of Illinois at Urbana/Champaign under the direction of Paul T. Bateman. 
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We remark that the first few terms of the sequence {rk} are 0, 1, 3, 11, 
2059, 2059 + 22059. The function t(x) grows extremely slowly-more slowly 
than any fixed number of iterated logarithms of x. In fact, when x is 
Skewes’ number 1010’034, l(x) is merely 7. 
In another paper [9] (see also, Theorem 4.4.1 of [6] ), we establish that 
for every positive integer N, there are computable constants R, > 0, 
R 2,.*., R,,_ i, for which 
N-1 
# (6x: d(n)(n + 1) = 1 R,x(log x)(“~)-‘+ O,(x(log x)(“~‘-~). (1) 
I= 1 
This result is more precise than Theorem 1, and shows that d(n) divides 
n + 1 more often than d(n) divides n. We remark that the arithmetic 
independence of n and n + 1 enables us to obtain more precise estimates for 
# {n < x: d(n) 1 n + 1) than we can get for # (n <x: d(n) 1 n}. Moreover, the 
fact that n and itself are not independent, whereas n and n + 1 are 
arithmetically independent, explains why the right side of the estimate in 
Theorem 1 is smaller than the right side of (1) (for a fuller explanation, the 
reader is referred to the proof of Theorem 1). 
Finally, we note that while nobody but the author appears to have 
studied how often d(n) divides n, Bateman, Erdos, Pomerance, and Straus 
[1] have estimated # {n<x: d(n)la(n)} and # {n<x: (d(n))210(n)}, 
where a(n) denotes the sum of the positive integers dividing n. Also, Scour- 
field [S] and the author [7] have obtained estimates for # {n 9 x: 
(d(n), n) = 1 I. 
2. NOTATION 
Throughout this paper, p denotes a prime, and n and t are reserved 
for positive integers. The expression f(x) N g(x), f(x) = 0( g(x)), and 
f(x) = o( g(x)) have their usual meanings. A sum or product of the form 
C, or rIpy respectively, denotes a sum or product over primes; thus, for 
example, nJ,,( 1 + l/p) represents the product of 1 + l/p, taken over all 
primes p dividing n. Similarly, a sum of the form C, s.Y is assumed to 
extend over all positive integers n not exceeding x. 
Other common notation frequently employed in this paper is sum- 
marized in the following table: 
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Symbol Meaning 
P” II n 
b 
z+ 
v,(n) 
odd(n) 
w(n) 
Q(n) 
log x 
L,L~) 
C.tl 
M-r) 
f(x) < g(,u) 
f(x) + g(.d 
f(s) = O,h, ,Mx)) 
f(x)@,*.. g(.x) * 
r-sufficiently large 
[a, b,...]-sufftciently large 
cu. Cl, cz,..., 
The integer n is divisible by pa, but not by p*+l (this notation 
presupposes that a is a nonnegative integer) 
The set of rational integers 
The set of positive rational integers 
The exact power of the prime p which divides n 
The greatest odd integer dividing n 
The number of distinct prime divisors of n 
The product of the distinct primes dividing n 
The natural logarithm of x 
These functions are recursively defmed for all integers n 2 2 and 
for suitable values of x by Lr(x) = log log x, L, +,(x) = log L,(x) 
The greatest integer not exceeding the real number x 
The number of primes p < x 
fb)= O(g(.x)) 
g(x)*f(x) 
f(x)= O(g(x)). The implied constant possibly depends on 
a, b,..., 
/P) = O,.b...,(&)) 
Sutliciently large, possibly depending on I 
Sufficiently large, possibly depending on the parameters a, b,..., 
Positive absolute constants 
3. PRELIMINARY RESULTS 
DEFINITION. We call a positive integer t squarefull if every prime p I t 
satisfies p2 1 t. 
LEMMA 1. For y > 1, we have 
Prooj The first inequality follows from a result of Erdijs and Szekeres 
[2], and the second inequality can be obtained readily from the first one 
by applying partial summation. n 
LEMMA 2. Let B > 0, ( 
keH+, then 
7~(0,2) be fixed. If O<b<B,O<c<C, and 
l-j (I+ j’) 2 (L(3k))h, n (1-i) -’ 2 (U3k)Y, 
plk plk 
uniformly in b, c, and k. 
84 CLAUDIA SPIRO 
Proof: We will prove the first inequality; the second inequality can be 
deduced from the first inequality, or proved in a similar manner. The 
inequality log( 1 + x) < x for x > 0 implies that 
It is enough to prove the lemma for k > 1. Let q denote the w(k)th prime. 
Since l/p decreases with p, we have 
Moreover, from the definition of q, the fact that log p increases with p, and 
Chebyschev’s inequality for n(x), we can conclude that 
q<c2 c l%P < c2 2 log p 6 c2 log k. 
PGY /ilk 
The lemma now follows from (2), (3), and (4). i 
Notation. Define the entire function,f(z) by 
(4) 
(5) 
In addition, for every positive integer it, put 
Also, for all positive integers k, nonnegative integers j, and real numbers x, 
set 
ni(x, k)= #{n<x:w(n)=j,~(n)#O, (n, k)= 1). 
LEMMA 3. Let B, u > 0 be fixed. Suppose that x 2 3, and assume that j 
and k are positive integers Gth j< BL,x, k<exp{(logx)A}, and 
Q(k) Q (log x)‘. Then 
x (L2b)Y ’ 
n,(x, k) =- 
logx (j-l)! 
+ oB,,(j(L2(x)~* (L3(16k))3) , 
uniformly in j and k. 
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Proof: This lemma is an immediate consequence of Theorem 2 of [8]. 
If we apply the proof of Theorem 2 of [8] to principal characters only, we 
can show that the condition on Q(k) is unnecessary. 1 
Remark. Many related results are given or referenced in Section 4 of 
[41. 
LEMMA 4. For y > 3 and each integer m 3 0, we have 
# {kEZ+: k< y and k-v,(k)=m} <l((log y)/log2), 
where the function 5 is defined in the statement of Theorem 2. 
Proof: Let { ki}i= 1 be the elements in the set immediately above, 
arranged so that vz(k,) < ... < vz(k,) (it is easy to see that no two values of 
v,(k,) can be equal). For 1 < i < 1, let mj and ii be nonnegative integers 
such that 
In view of our notation, if 1 < i < 1- 1, we have 
2”~~i-mi=m=2”‘+‘I.i+l-mi+,, 
so that mi E mi+ 1 (mod 2”l). W e can therefore conclude from the fact that 
Odml< .*. cm, that 2”t+m,<mi+,; hence mi > <,-, for all i. Accord- 
ingly, 
1~ t(m) 6 t((log k,)/log 2) G H(log y)/log 2). I 
LEMMA 5. As x approaches 00, we have 
Remark. For much more precise estimates of this type, see [3]. 
Proof: We will show that 
the proof that 
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is very similar, and we will omit it. It follows from Stirling’s formula that 
since the exponent in the integrand is an increasing function of t. The quan- 
tity 
(log x - log t - 1/(2f))/,:/xlogs 
is uniformly bounded away from zero throughout the range of integration, 
so that we have 
When we integrate this expression, we lind that it does not exceed 
JGexp{(.\--JZGgJ)(l +logx) 
- (x - JT& + +, log(x - JG)}. 
The asserted result now follows from the estimate 
LEMMA 6. For y 3 2, let A ,. )’ < A,. ~ < . . ‘, be the sequence of positive 
Then integers with no prime divisor exceeding y. 
lim (sup jA,,+I,.,.- 
1’ + ‘CL n E n + 
Proof: Since the supremum above is 
l)/A,,.&= 1. 
clearly at least 1, it suffices to 
show that for any fixed 6 > 1, the limit is at most 6. Now A, + ,,), is at least 
1 + A,,, for all n, so that each subsequence (B,,,.} of {A,,,) satisfies 
sup w+1,.v- WL,) 2 SUP {(An+,,,,- Wn,.vb (7) 
tleTZ+ ne‘Z+ 
The idea is to exhibit a subsequence {B,,,}, for each sufficiently large value 
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of y, such that the supremum on the left of (7) is at most 6. Choose a 
positive integer N so large that 
(2N + 1)/2N < 6, (8) 
and set A4 equal to the (positive) integer such that 
((2N+ 1)/2”)“<2d((2N+ 1)/2N)M+‘. (9) 
For y 2 2MN + 1, let {B,,, };’ , be the sequence of elements of 
{ 1, 2,..., 2MN - l}u f {2”((2N+ 1)/2N)k:k=O, 1,2 )...) M}, 
sr=MN 
arranged in ascending order. Now (B,,,} is a subsequence of {A,,,,}, since 
each element B,,, > y is the product of a power of 2 and a power of 2N + 1. 
Furthermore, for 0 6 k d m - 1, and ~12 MN, we have 
2”((2N+ 1)/2N)k+’ - 1 
2”((2N+ 1)/2”)k 
< (2N+ 1)/2N<6 (10) 
by (8). Similarly, (8) and (9) imply that 
2 a+1 -1 
2a((2N+ 1)/2N)“< 
2”((2N+l)/2N)“+‘-1<S 
2*((2N+ 1)/2N)M . (11) 
It follows from (10) and (11) that the supremum on the left of (7) does not 
exceed 6. 1 
4. THE PROOF OF THEOREM 2 
Throughout this section and the next, every variable except for n, x, and 
y will denote a nonnegative integer, unless otherwise specified. For clarity 
of exposition, we put 
If n is odd and d(n) 1 n, then d(n) is odd, and therefore, n is a square. Hence, 
9(x)= #{n,<x:ne9,2(n}+U(&). 
Next, write 11=2~-‘rn, where m =odd(n). Since 2cL2X1 divides n whenever 
k exceeds L,x, we find, upon partitioning the even elements of $3 according 
to the value of k, that 
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Now d(2k-‘m)‘2k-’ if and only if 
kd(m)l2k-‘m, (‘4) 
since m is odd and the function d(n) is multiplicative. Since 
odd(k) 1 odd(kd(m)), we can deduce that 
odd(k) 1 m if 2k-‘mE9. (‘5) 
Moreover, if we compare the exact power of 2 dividing each side of (14) 
we discover that 
v,(d(m)) 6 k - ’ - W) if 2k-1mE9. (‘6) 
We can uniquely express m/odd(k) as tm’, where t is squarefull, m’ is 
squarefree, and (m’, t) = 1. Then, in turn, we can write m’ uniquely as hl, 
where (h, k) = 1 and l/ k. Thus, we have 
m = thl odd(k), (‘7) 
where (h, tk) = 1, I (Q(k), t is squarefull, and h is squarefree. Since 
(h, m/h) = 1, we conclude that d(h) 1 d(m), and therefore, the inequality of 
(16) implies that v,(d(h)) <k- 1 -v,(k). Furthermore, the fact that h is 
squarefree implies that d(h) = 2”‘h’. Hence, we have 
o(h)<k- 1 -v,(k) if 2kp’me9. (‘8) 
Accordingly, (13), ( 17), and ( 18) yield 
9(x) d O(x(log x)-‘Og2) 
c ’ 
h<?‘-‘r/r/odd(k) (h k)=l 
w(h)Gk- 1 pq(kj. pih)#O 
(‘9) 
The inner sum is trivially at most x/(tl2”-’ odd(k)). Consequently, if we 
separate the sum on t into the sum over those values of t not exceeding 
(log x)’ and the sum over those values of t exceeding (log x)*, and apply 
Lemma 1 to estimate the last of these sums, we find that the sum on t in 
(19) is 
c c 
1 <f<(log~)~ n~2’-k.~/rlodd(k). (h,k)= 1 
’ + fJ (2;f)(gk)). (20) 
rsquarefull w(hl~k-l-vz(k).~(h)#O 
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If we partition according to the value of o(h), those integers h which con- 
tribute to the inner sum, we discover that the inner sum equals 
k- 1 -q(k) 
l+ c ~r,(x/2~- ‘rl odd(k)), k). 
,= I 
Thus, the sum on t in (19) equals 
In the range of summation of the quadruple sum in (19), we have 
I < k d L,x, from which we can deduce that 
2kP ‘I odd(k) < 2kk2 6 (log x)“‘g2 (L~(.T))~. (22) 
Consequently, the last error term in (21) can be absorbed into the first one. 
Since we have f d (log x)’ in the range of summation of (21), we can con- 
clude from (22) that 
(23) 
Hence, we can utilize Lemma 3 with B= u = 2, and with .Y replaced by 
~/(2~- ‘tl odd(k)). If we put w  = ~/(2~- ‘tl odd(k)), then that lemma implies 
that 
21-k 1 (L,(w))j- ’ 
= tl odd(k) log w  (j - 1 )! 
‘. (241 
Forj contributing to the inner sum in (21), we have 1 < j< k < L,(x). Con- 
sequently, (23) and our choice of w  imply that 
O<j-l j-l 
2p L,(w) 
-6 2, 
log w  = log x + O(L,(.r)), (26) 
90 CLAUDIA SPIRO 
where the implied constant in (26) is absolute. It follows from (26) and the 
inequalities j< k < L,x, w  < x that the right side of (24) is 
0 
21 -k 1 (Lz(x))‘-’ 
tlodd(k)logx (j-l)! 
From (25) and the entirety off(z), we can deduce that f( (j- 1 )/L2(w)) = 
O(1). Hence, the right side of (24) is 
0 
21-k 1 (L,(x))‘-- ’ 
tl odd(k) log x (j - 1 )! +(LS(x))2 (Lo)-’ (27) 
Since k< L,.u, we can conclude from (6) (25) and Lemma 2 with B=2 
that 
fk j-1 
( ) G sqL4(-Y))-1. 2 
Consequently, the summand (Ls(x))’ (&(x))-I can be deleted from (27). 
Hence, by the sentence following (22), and the fact that the right side of 
(24) equals (27), the expression in (21) equals 
2’-k(~ogs)-~ k-l-“z(k) (L,(~))‘- 1 
tl odd(k) c ,= I (j- l)! fk(&$) 
rsquarefull 
x/log x 
+ 2kl odd(k) > . 
According to (6) and (25), we can replace w  by x in this expression. Thus, 
if we interchange the order of summation, we find that the quantity in (21) 
is 
Since the expression in (21) equals the sum on t in ( 19), we can conclude 
from Lemma 1 that 
NUMBER OF DIVISORS 
~(x)~x(log x)-log2 
x c~2(x)1 2-k 
+l”gx k-2 
-c- odd(k) c Ilk.p(l) # 0 
k- 1 - dk) (~*(~))j- 1 
1 
j= 1 . 
From the inequalities C,,oCk) l/l < Q(k) and Q(k) < 2 odd(k), 
that 
91 
we deduce 
Thus, we can delete the first 1 from the expression in curly brackets in (28). 
If we then interchange the order of summation in (28), we find that 
Gqx)<x(log x)-‘Og2 
X 
+- 
W,(xW l 
log x c 2<j+l<Lp (j- l)! 
x c 
k < Lb-1 
&fkrs) c f 
flk 
1 + j<k-q(k) P(OZO 
=x(10gx))‘“~2+x(10gx)-’ 
where 
;= c 7 
2~j+l~Lz~x~.lj--l-l1/2~L2(x)~~~~ 
c= c 
II Ii- 1 -(l/Z)Lz(x)l iJGC)JGi3’ 
(30) 
(31) 
and the jth summand on either of the right sides of (30) and (31) is iden- 
tical with the corresponding jth summand of the triple sum in (29). 
Since the values of k which contribute to the sum on k in (29) do not 
exceed L,x, we can conclude from (6) and Lemma 2 that 
c 1/4=n (l+ l/p)<<L,(x). (32) 
ww4l) f 0 Plk 
Thus, if we use (6) to bOUndfk( j- 1)/L,(x) by 1, we can deduce from (29), 
(30), and (32) that 
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ywxH c (L,(x))‘- l 
(j- l)! 
c 2-l -. (33) 
,i- , (,,:):;$~&)~ k-2 UT) Oddtk) 
In the range of summation of the sum on the right of (31), we have 
(j - 1 )lL,x = 5 + qbZi&Gi~, (34) 
so that 
n( !+ j-l PI Plk PL,(X) ) 
-1 
z 
4 plk 
=~(l+~)-l(l+O($~zGEz))~‘. (35) 
Moreover, by Lemma 2 and the inequality k ,< L2x, we have 
6 M3k)) O(JGizl~) < 1, 
It follows at once from (6), (35), and (36) that 
(36) 
(37) 
uniformly in j and k with 1 j- 1 - tL2xI < m Jm, and k < L2(x). 
Combining (37) with the first statement of (32) yields 
l--.‘~s(l+~)~~‘(l+~). (38) 
Now for x 2 1, we know that 
Hence, (38) and Lemma 2 imply that 
f”(G) c ~-1~,$1+~)~~~~,,~, (39) 
2 IlkAl) # 0 plk 
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uniformly in j and k with lj- 1 -JLz(x)l 
k < L,(x). Accordingly, (29), (3 1 ), and (39) yield 
x 1 i&j k < Lz(x) 
l+~<k--2(k) 
(40) 
If 1 + j 6 k - v,(k), then k exceeds j, and we therefore have 
2-k/add(k) = 2- k+vz(k)kpl < \J 
.~ly(k~v2(k)) 
Thus, if we partition the positive integers k such that 1 +j< k - vZ(k) 
according to the value of k - v?(k), we find that 
c 
k Q L2(x) 
l+jSkpu2(k) 
1 1. 
k =S L2C-r) 
k - q(k) = n 
(41) 
By Lemma 4, the inner sum is at most t(x); hence, the right side of (41) 
does not exceed j-‘2-j<(x). Therefore, (33), (40), and (41) yield 
T” (L(x)) 5(x) c ((l/2) L(x))I’--I 1 (j-l)! j’ (42) 2Gj+lCL2(x) 
Ii- 1 -(IIZ)L2(x)I ~~JGiFl 
Cqm t(x) c 
((l/2) L,(x)Y l 1 
(j-l)! f’ (43) II Ii- I- (W)Lz(x)l< JZiTJGiZ 
To bound the right side of (42), we omit the factor l/j, and then apply 
Lemma 5. Thus, 
cq& b%(x)) S(x)l((~,(x))(L,(x))). (4) 
I 
If we replace the factor l/j by l/L,( x on the right side of (43), and then let ) 
j run from 1 to co, we find that 
(45) 
The theorem now follows from (29), (44), and (45). 1 
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5. DERIVATION OF THE LOWER BOUND 
To obtain a lower bound for B(x) = # {n 6x: d(n) 1 n}, we first want to 
construct a large number of positive integers n such that d(n) divides n. The 
next lemma will aid us in this construction. 
LEMMA 7. Let E > 0 be given. Assume that k, y, and z are at least 2, with 
(k, n,, .r.+Zp) = 1, and that k has the prime factorization nit= 1 p?. For 
i = 1, 2,..., t, let pi be the smallest integer which is at least C(~, such that no 
prime divisor of pi + 1 exceeds z. For all odd primes p < z, set 
yI, = min 
/EL,/>0 i 
2’-1:2’-l>v, ($, (Pi+ l))i. 
If z is E-sufficiently large, y is [E, z]-sufficiently large, and k, = (ni= 1 pf) 
rI .* 2 C p C _ pyr, then the following statements hold: 
(i) k/k,, andifplk,, then eitherplk orp<z; 
(ii) if LEZ+,~(L)#O, (L,k&.=p)=l, and o(L)<k-l- 
f&log k, then d(2k-‘Lk,)12kp’k,; 
(iii) k,<, k1+(‘12’E. 
Remark. As we saw in the proof of the last theorem, if k is an odd 
integer, 2k- ’ 11 n, and d(n) I n, then we have 2k -- ‘k I n. This lemma will be 
used to construct multiples n of 2kp ‘k such that d(n) ) n. An example of a 
set of multiples n of this type is 
(Here, k = 49.) The point of the lemma is to be able, for a positive propor- 
tion of all k to write n = 2k-1k*m, where d(n) In, p(m) #O, w(m) can be 
almost as large as k, (m, 2k*) = 1, and k* is at most kl+’ (so that k* is not 
much larger than k). 
Proof Part (i) is clear from the definition of kZ. In the notation of 
Lemma 6, assume that z is so large that 
suP W,+L- nEH+ 1 )/A,, > < 1 + c/3. 
Then we can conclude that fii/cr, < 1 + c/3 for all i, so that 
h pB’<( fi p~)‘+‘i3&+E~3. 
r=l i=l 
(46) 
NUMBER OF DIVISORS 95 
Since z 2 2, the lowest power of 2 exceeding ai is at least pi + 1, and it 
follows that pi + 1 < 2a,. Accordingly, 
&log i (pi+ l)6 i (10g(2ai))< i ai. 
i= 1 i=l i= I 
Now each prime dividing k exceeds y; hence (47) yields 
log lj (Pi+ l)< 
i=l 
5.g olilogpi=glogk. 
I I 
(47) 
(48) 
If 2 < p <z, then the definition of yp implies that 
Hence, it follows from (48) that 
yp d Wx 2)Uog k)lWog P) log Y>> (49) 
and we immediately have 
I-I pYp < k2d&)/l‘JgJ’~ (50) 
Z<P<.Y 
Part (iii) now follows from (46) and (50). 
In view of our notation and the multiplicativity of the function d(n), we 
can conclude that for any squarefree, positive integer L coprime with 
k l--L p, we have 
~“-‘k;/~(2”-l~k,)~‘~‘=lP’-“‘“~2,,~.pyp)2 
k-l-w(L) 
Hi=1 (Pi+ l)FI2~p<~ (yp+ 1) 
. (51) 
By construction, no prime divisor of the denominator on the right of (51) 
exceeds z. Furthermore, we know that 
Ypavp(tl (Pi+ I)) 
if 2 < p < z, and that yp + 1 is a power of 2, so that if we put the fraction on 
the right of (51) into lowest terms, the denominator becomes a power of 2. 
If follows from (48) that 
vQp+‘))“& i=l log i (Pi + 1) G (log kkltog Y, 
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and from (49) that 
v2 
( 
n (yp+ 1) = c logl(;;; 1) 
2<p<z ) 2<P<Z 
g c YpG 
(22 log 2) log k 
z<p<; 1% Y . 
Thus, if y is [E, z]-sufficiently large, we have 
v2 fi (&+l)+logk. i= 1 
Hence, if y is [E, z]-sufliciently large and w(L) <k - 1 - $E log k, then the 
power of 2 dividing the numerator on the right of (51) exceeds the power 
of 2 dividing the denominator of that fraction. Consequently, the quantity 
on the right of (51) is an integer, so that (ii) holds. fl 
Proof of Theorem 1. In view of Theorem 2, it is enough to show that 
for any E > 0, we have 
9(x) % x(L2(x))-‘-~/~. (52) F 
Without loss of generality, assume that E 6 4. First let z > 2 be s-sufficiently 
large, and then let y > 2 be [E, z]-sufficiently large, so that the conclusion 
of the last lemma holds for E, y, and z. Set P = JJp G y + i p. If we partition 
the positive integers n for which d(n) 1 n according to the value k - 1 of 
v,(n), we find that 
By Lemma 7, and in the notation therein, the set of 12 contributing to the 
inner sum on the right of (53) contains the set of positive integers of the 
form 2k-‘k,L which do not exceed X, and which satisfy the conditions that 
LeE+,p(L)#O, (L, kP)=l, and o(L)<k-l-f~logk. Hence, 
c 1. (54) 
1 <k < Ll(x) L -C 2’ -‘x/k,. (L kP) = 1 
(k,P) = I w(L)~~~I-(l/2)~lbgk,~(L)#O 
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If we partition the numbers L contributing to the inner sum according to 
the value of o(L), we discover that this inner sum equals 
Nx) 3 c 
1 <k G L*(x), (k,P) = 1 
X c 
l<j<k-1-(W)slogk 
nj(y,kP)+l). (55) 
Since k 6 L,(x), and Lemma 7 implies that k,<k*, we have 
2’-kx/k,~x(logx)-‘“g2 (L,(x))-2>&. (56) 
Therefore, we can apply Lemma 3 with B = u = 2 to estimate each sum- 
mand in (55). Thus, if we set w  = 2l- kx/k,, we have 
+ ~,&W,(W))-~ (LW2) . (57) 
It follows from (5) that f(z) is bounded away from 0 for 0 < z < 2. Hence, 
(56) and our choice of w  imply that f((j- 1)/L,(w)) is uniformly bounded 
away from zero for j < k < L,x. Furthermore, by the derivation of the dis- 
played inequality following (27), fkp(j - l/L,(w)) 9 ,,,(L4(x))-* uniformly 
in j 6 k d L,(x). In addition, (56) and our choice of w  imply that the error 
term in (57) is O,,(L,(x))*/L,(x)), with the same range of uniformity in j 
and k. Consequently, it follows from (57) that 
n,(F, kP) ~~v,;$-&(“(:‘r:‘;;1(L4(x))~2. (58) 
For j 6 k 6 L2x, we can conclude from (56) that 
fL,w)‘-1B(L2(x))J-‘, (59) 
uniformly in j and k. Furthermore, Lemma 7 and our choices of y and z 
imply that 
l/k, $-~v,zk-1-“‘2a(L2(x))-1-E’2. (60) 
Combining (59) and (60) with (58), and the result with (55), yields 
x(Lz(x))-1-E’2 
g(x) 9yv.= (L‘$(x))2 log x c c I<k~Lz(x~,(k,P)=l l<j<k-l-(1/2)r:logk 
x 2’-k(LJx))‘- ’ 
(j-l)! . 
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For k<&(x), we have k- 1 - 4s log k 2 k - 1 - &C,(x), so that 
c c 
1 <k<L$x), (k.P)= I 1 <,<k- 1-(1/2)d3(~) 
x 2’ -k(L*(X))‘- l 
(j-l)! . 
If we interchange the order of summation, we find that 
ml by,,, 
x(L2(x))-‘-c’2 
c 
(L2(x))j- ’ 
tL41x)J2 log x I< j<O.9l,*(x) . . (j- l)! 
X c 2’-k. 
I + j+ (1/2kLz(r)< k< LZ(SI. (k.P)= 1 
If we bound the inner sum from below by the summand corresponding to 
the smallest value of k which contributes to that inner sum, we can con- 
clude that 
x(L*(x))-’ E’2 2-(,,2,EL*(r) 
WI ~.v.v (L4(x))2 log x c 
((W) L*(x))‘- ’ 
1 < j<O.9L.*l.x) (j-l)! ’ 
It follows from Lemma 5 that the sum above is asymptotic to s. 
Since y and z depend only on E, our theorem is now established. 1 
6. GENERALIZATIONS AND REMARKS 
With a little more work, we can generalize Theorems 1 and 2 to give the 
following results: 
THEOREM 3, For every fixed positive integer 1, we have 
# {n<x: (d(n))‘ln} =x(logx)2m’P1 (L2(x))P’+0’? 
THEOREM 4. Let I be a positive integer, and let { c,,,>p’, be recursively 
defined by 
Then 
<O,,= VZ(l), (k,,= <& I,,+ 2ekm”‘Pv2(” for k> 1. 
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where 
5(x, I)= 1+ #(k>O: 5/&X}. 
We remark that <(x, I) ek,, Lk(x) f or any fixed positive integers k and I, so 
that we can, in particular, replace 5(x, 1) by Lk(x) in the estimate of 
Theorem 4. 
We can also extend our results to get an upper bound for # (n <x: 
d,(n) In> when q > 1 is a prime power, where the divisor functions d, are 
defined by 
f d,(n)n-‘=( f n-‘)‘, Res>l. 
n=l II=1 
Specifically, we can verify the following result: 
THEOREM 5. Set q = pa, where LX 2 1, and let { [,,,}r=, be recursively 
defined by 
Then 
to., = 0, [k.p=ik-,,p+prkP1*P for k>l. 
where 
The problem of obtaining good lower bounds for # {n <x: d,(n) (n} for 
any q > 3 appears to be very diffkult. We cannot even show the existence of 
a positive constant A such that 
#(n6x:d,(n)I~~)%x(logx~~‘~ (LZ(x))PA, 
although we conjecture that 
#{ndx:d3(n)~n}=x(logx~2’3(L,(x))~’+’~”’. 
This conjecture states the best possible result for the exponent of L,(x) on 
the right side, in view of Theorem 5. 
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